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The Mean of Multi-Object Trajectories
Tran Thien Dat Nguyen, Ba Tuong Vo, Ba-Ngu Vo, Hoa Van Nguyen, and Changbeom Shim

Abstract—This paper introduces the concept of a mean for
trajectories and multi-object trajectories (defined as sets or multi-
sets of trajectories) along with algorithms for computing them.
Specifically, we use the Fréchet mean, and metrics based on
the optimal sub-pattern assignment (OSPA) construct, to extend
the notion of average from vectors to trajectories and multi-
object trajectories. Further, we develop efficient algorithms to
compute these means using greedy search and Gibbs sampling.
Using distributed multi-object tracking as an application, we
demonstrate that the Fréchet mean approach to multi-object
trajectory consensus significantly outperforms state-of-the-art
distributed multi-object tracking methods.

Index Terms—mean, average, consensus, mean trajectory,
mean multi-object trajectory, distributed multi-object fusion.

I. INTRODUCTION

Multi-object estimation involves determining the trajectories
of an unknown, time-varying number of objects from noisy
sensor measurements. Formally, a trajectory is a function that
maps time indices from a discrete time window to elements
in some state space, and a multi-object trajectory is a point
pattern or a multi-set1 of trajectories [1]. This general defini-
tion covers trajectories that are fragmented (i.e., objects can
disappear and then reappear later), which is usually the case
with the output of most tracking systems. Estimating the multi-
object trajectory lies at the heart of many applications ranging
from space exploration [2], surveillance [3], [4], computer
vision [5], [6], to cell biology [7], [8].

A fundamental concept in estimation (and statistics) is the
mean or average. Intuitively, the mean can be interpreted as the
typical point and is, arguably, the most widely used summary
statistic. In the presence of uncertainty, the mean is also
useful as an estimator of the variable of interest. Additionally,
averaging is the most popular form of consensus–reaching an
agreement about an entity of interest–crucial for the fusion
of data/information from multiple sources. Consensus has a
wide range of applications in managerial science, statistics,
engineering and computer science [9], [10], [11], [12]. In com-
puter science and engineering, consensus-based algorithms
are extensively used in distributed computing [13], energy
systems [14], communication networks [15], remote sensing
[16], sensor fusion [12], networked and distributed estimation
[17], [18].

While it is customary that the mean is simply the sum of the
data points divided by the number of data points, this is not
the case in multi-object estimation. When the data points are
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1A multi-set may contain repeated elements.

Figure 1. Two examples of the mean trajectory (thick black) of multiple
input trajectories (color). Marker sizes indicate times, with the same size
representing the same time, and sizes decrease toward the ends of trajectories.
Consecutive instances of a trajectory are connected with solid lines.

trajectories of different lengths (see e.g., Figure 1), or multi-
object trajectories (see e.g., Figure 2), the customary notion
of average is not applicable because addition is not defined.
The fundamental question then arises: what constitutes an
“average” trajectory or an “average” multi-object trajectory?
This question is crucial in multi-object estimation, yet, to the
best of our knowledge, there is no existing work addressing
the concept of an “average” trajectory or an “average” multi-
object trajectory.

This work introduces the notion of average for trajectories
and multi-object trajectories via the Fréchet mean, accompa-
nied by algorithms for computing them. The Fréchet mean
generalizes the concept of “average”, “centroid” or “barycen-
ter” in Euclidean space to an arbitrary metric space [19]. In
the same way as the Euclidean mean captures the geometric
relationship induced by the Euclidean distance, the Fréchet
mean captures the geometric relationship induced by the met-
ric, allowing the physical interpretation as the “average” point.
In a multi-object setting, the optimal sub-pattern assignment
(OSPA) metric [20] is a meaningful distance between trajecto-
ries as well as between multi-sets/point patterns of trajectories
[1]. OSPA-based distances and the concept of Fréchet mean
enable the formulations of physically meaningful averages for
trajectories and multi-object trajectories. In summary, the key
contributions of this paper are:

• A formulation of the mean trajectory, and algorithms for
computing this mean with respect to (w.r.t.) the OSPA
trajectory metric;

• A formulation of the mean multi-object trajectory, and
algorithms for computing this mean w.r.t. OSPA-based
multi-object trajectory metrics.

Additionally, we demonstrate the capability of the proposed
means in achieving consensus, using networked multi-object
tracking as a specific area of application. Due to the pro-
liferation of low-cost sensors that enable the deployment of
large networks capable of monitoring large spatial regions, net-
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Figure 2. Examples of the mean multi-object trajectory (MOT) of three sample multi-object trajectories. Each trajectory in a multi-object trajectory has a
distinct color. Consecutive instances of a trajectory are connected with solid lines. Intuitively, the mean tends to smooth out the data points.

worked multi-object tracking is an emerging trend [18]. This
approach leverages advances in communication and sensing
technologies to improve accuracy by fusing information from
multiple nodes in a flexible and reliable manner, resilient to
node failures [17].

Fusion is used to determine a multi-object trajectory de-
scription (e.g., estimates or probability distributions)ï¿œthat
best agrees with the local multi-object trajectory descriptions
at each node of the network. The fused description can be
posed as a consensus on the local multi-object trajectories. The
proposed Fréchet mean is a logical basis for consensus since
by construction the mean is the closest (in aggregate distance)
to all inputs from individual nodes. Further, results on the
statistical consistency of Fréchet means have been established
in [21]. Indeed, as illustrated in Figure 2, the Fréchet mean
effectively suppresses noise and outliers. Notably, the proposed
consensus can fuse node outputs regardless of the types of lo-
cal trackers, and shows significant performance improvements
over current state-of-the-art techniques.

The paper is organized as follows. Section II provides the
background on averaging in multi-object trajectory consensus
for distributed fusion, and metrics for multi-object states and
multi-object trajectories. In Section III, we formulate the
Fréchet mean trajectory w.r.t. the OSPA trajectory metric,
and propose an efficient greedy algorithm to compute this
trajectory mean. In Section IV we introduce the OSPA-
based metrics for measuring distance between multi-object
trajectories and the corresponding Fréchet mean, together with
a greedy method to efficiently compute this mean. In Section
V, we present methods to compute trajectory and multi-
object trajectory means based on Gibbs sampling. Section VI
demonstrates the performance of the proposed multi-object

trajectory consensus algorithm in a distributed multi-object
tracking context. We conclude the paper and suggest potential
extensions in Section VII.

II. BACKGROUND

This section discusses current techniques in distributed
multi-object tracking pertinent to multi-object trajectory aver-
aging, and metrics on multi-object states and trajectories that
will be used to formulate the mean trajectory and mean multi-
object trajectory.

A. Distributed Multi-Object Estimation

While there is no concept of mean or average multi-object
trajectory, researchers in distributed multi-object tracking have
developed fusion solutions based on indirect multi-object tra-
jectory consensus. Assuming multi-object densities–functions
on the class of finite sets of some (finite dimensional) space–
are available, e.g., in the RFS approach, a popular consensus
technique is to take the average of the relevant multi-object
densities. The generalized covariance intersection (GCI) ap-
proach [22], also known as geometric averaging (GA), has
been used routinely to fuse multi-object densities. GCI fusion
algorithms for the probability hypothesis density (PHD) filter
[23], the cardinalized PHD filter [24] and the multi-Bernoulli
(MB) filter [25] have been proposed in [26], [27] and [28],
respectively. Additionally, GCI-based fusion methods for the
labeled multi-Bernoulli (LMB) filter [29] and the generalized
LMB (GLMB) filter [30] have been proposed in [31], [32],
[33], [34]. Alternatively, arithmetic averaging (AA) fusion has
also been developed for multi-object density fusion, including
AA-PHD [35], [36], AA-CPHD [37], AA-MB [38], and AA-
LMB/GLMB [39]. The GA and AA fusion methods discussed
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so far are intended for multi-object state fusion, and can be
extended to multi-object trajectory fusion via the multi-scan
multi-object density (i.e., joint density of the multi-object
state over multiple scans). However, this approach to fusing
multi-object trajectories is numerically infeasible due to the
exponential growth in complexity.

An alternative to multi-scan multi-object density fusion is
track-to-track (T2T) fusion [40]. This is an intuitive technique
for fusing individual tracks together by minimizing some
prescribed cost functions. Additional information on the state
can be augmented into the cost function [41]. A popular
cost function is based on the association probability of the
sets of estimated objects with the physical objects [42], [43].
Alternatively, some authors use cost functions based on the
statistical distance/divergence between the distributions de-
scribing the states of the tracks and their associated confidence
[44], [45], [46], or the OSPA distance between the tracks
[47]. T2T assignment can be cast as a multi-dimensional
assignment problem, which is NP-hard for more than two di-
mensions. Nevertheless, sub-optimal solutions can be obtained
using efficient clustering techniques, including hierarchical
clustering [48], DBSCAN [49], density-peak clustering [50],
or stochastic optimization [51]. In T2T fusion, clutter objects
are typically not considered within the optimization process
but are instead discarded based on existence probability [52],
voting logic [53], or assignment confidence [54]. Determining
an effective cost function for T2T fusion is still an active
research topic [55], [56], [57].

Numerically, multi-object trajectory fusion is more efficient
with T2T fusion since only the individual states or their
distributions are needed, rather than the entire multi-object
densities. In [58], the multi-scan assignment problem was
solved using Lagrangian relaxation for a small number of
sensors. A fast algorithm for multi-scan T2T assignment was
proposed in [59], but it is limited to two sensors. The OSPA-
based multi-object trajectory fusion approach proposed in [47]
has been shown to be effective for a large number of sensors.
Further, as a peer-to-peer fusion algorithm, it is more robust
to network disruption. However, it is less accurate than global
fusion algorithms, wherein all information is fused at once.

B. Metrics for Point Patterns and Trajectories

Since a multi-object state is a point pattern, metrics for point
patterns are natural for measuring the distance between multi-
object states. While the Hausdorff metric is an obvious point
pattern metric, it is insensitive to cardinality differences [60].
To address this, the optimal mass transfer metric was proposed
in [60], based on the Wasserstein construction. However, this
metric suffers from a physical inconsistency if the cardinalities
of the two multi-object states are not the same [60]. A widely
used multi-object metric with meaningful physical interpreta-
tions, capturing both the state and cardinality errors, is the
OSPA metric [20]. The OSPA construction (by this we mean
the use of optimal sub-pattern assignment as the abbreviation
suggests) also admits other metrics such as the cardinalized
optimal linear assignment (COLA) metric [61]. The main dif-
ference is that the COLA is not normalized by the cardinality.
Another unnormalized OSPA-based metric is a variant of the

COLA metric, misnamed as the Generalized OSPA (GOSPA)
metric [62], which does not generalize the OSPA metric2.
Indeed, it is equivalent to the transport-transform (TT) metric
proposed in [63], and thus, will be referred to as the TT
metric since this is a more appropriate name. Apart from the
mathematical similarity, it has been shown that COLA and TT
metrics behave similarly in most scenarios, but TT is more
sensitive to variations in parameters [64].

The TT and OSPA metrics are natural candidate distances to
formulate the Fréchet mean of point patterns. Techniques for
computing point pattern barycentres w.r.t. the TT and OSPA
metrics have been discussed in [63]. An earlier approach for
computing the OSPA barycenter using an alternating greedy
search algorithm was proposed in [65]. This technique can
be applied to approximate the minimum mean OSPA estimate
(from certain distributions), first formulated in [66] for fixed
cardinality, and later extended to unknown cardinality in [67].

In many applications, each element of the point pattern
represents a probability distribution on Rn to describe the
associated uncertainty/confidence. Consequently, the discussed
point pattern metrics need to be extended accordingly. Recall
that the constructions of these metrics require a base metric
or base distance between the elements. If the elements belong
to Rn, the p-norm of their difference is typically used as the
base metric. When the elements are probability distributions,
metrics such as Wasserstein [68], Hellinger, or geodesic dis-
tances on Gaussian manifolds [46], [69] can be used as the
base metric. Indeed, the Hellinger metric was used as a base
metric in [70] to incorporate estimation uncertainty into the
OSPA metric. Further, information theoretic measures such
as Kullback-Leibler’s divergence (KLD) [45], Jeffrey’s diver-
gence (i.e., symmetrized KLD) [71], Bhattacharyya distance
[44] can also be used to measure the dissimilarity between
distributions, though they may not satisfy all metric properties.

In multi-object estimation, distances between multi-object
trajectories are equally as important as distances between
multi-object states. In [72] and [73], extensions of the OSPA
metric (from multi-object states) to multi-object trajectories
were proposed. However, these metrics are intractable, or are
no longer proper metrics when numerically approximated in
practice. A more practical approach is to treat a multi-object
trajectory as a point pattern of trajectories, wherein point
pattern metrics can be applied with tractable base distances
between trajectories. A number of trajectory metrics were pro-
posed in [74], but they exhibit counter-intuitive behavior, ex-
cept for the OSPA-based construction. The OSPA metric with
the OSPA-based trajectory base metric, called the OSPA(2)

metric, addresses the shortcomings of previous multi-object
trajectory metrics, offering meaningful physical interpretation
and can be efficiently computed for large-scale scenarios
[1]. The TGOSPA metric [75], proposed after OSPA(2), is
not applicable in this work, because it was only proven for
the special case of multi-object trajectories with contiguous
trajectories. When the trajectories are sequences of probability
distributions to describe the associated uncertainty, the OSPA-

2GOSPA does not subsume the OSPA metric as a special case. In fact
GOSPA is still based on the OSPA construct.
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Table I
LIST OF FREQUENTLY USED NOTATIONS.

Notation Description
X state space
K finite time window {1, ...,K}
T space of trajectories

M(T) space of multi-object trajectories
B {0, 1}

1 : L 1, 2, ..., L

{1 : L} {1, 2, ..., L}
x1:L x1, x2, ..., xL

x(1:L) x(1), x(2), ..., x(L)

d
(c)
X (·, ·) a base distance on X with cut-off at c

d
(c)
T (·, ·) a trajectory distance on T with cut-off at c
Du domain of trajectory u

D̄u complement of Du in K
ΠL the set of all permutation vectors on {1 : L}

1
(x)
X or 1X(x) equal 1 if x ∈ X , and equal 0 otherwise

based trajectory metric is constructed from distances between
probability distributions similar to that for the OSPA metric for
point patterns of distributions discussed above. Further details
and discussions on metrics for multi-object states and multi-
object trajectories can be found in [76].

III. TRAJECTORY AND FRÉCHET MEAN

This section presents a formulation and an accompanying
numerical solution for trajectory consensus. Subsection III-A
introduces the OSPA trajectory distance and formulates the
Fréchet mean trajectory w.r.t. this distance. A method to
compute the Fréchet mean trajectory based on greedy search
is presented in Subsection III-B. A list of frequently used
notation is given in Table I.

A. The Fréchet Mean Trajectory

Intuitively, the mean can be interpreted as the typical
point of a data set. In a vector space, the arithmetic mean
(i.e., the sum of the data points divided by the number of
data points) minimizes the variance (i.e., the total squared
Euclidean distance) from the data points. This property can
be used to generalize the mean to an arbitrary metric space3

where addition is not meaningful [19]. More concisely, the
notion of Fréchet mean is given as follows.

Definition 1. Let (d,M) be a metric space and r be a positive
integer. For v(1), ..., v(N) ∈ M and weights w(1), ..., w(N) > 0,
the rth-order weighted Fréchet mean is defined as

v̂ = argmin
u∈M

N∑
n=1

w(n)dr(u, v(n)). (1)

When the weights are unity, v̂ is called the Fréchet mean.

Note that the Fréchet mean is not necessarily unique in
general. The above sum can be interpreted as the Fréchet

3A space equipped with a metric for gauging the distance between any
two elements, and a metric is a non-negative function of two variables, which
satisfies the metric properties, see [1].

variance for r = 2. On a vector space equipped with the
Euclidean distance, the above definition yields the arithmetic
mean for r = 2, and the geometric median for r = 1.

A trajectory is a time-sequence of states, and can be either
contiguous or fragmented [1], [77]. In a contiguous trajectory,
the state exists at every instance from birth to death, whereas in
a fragmented trajectory, there is at least an instance between
birth and death that the state does not exist. Fragmentation
manifests in the output of most tracking algorithms, mostly
from incorrectly declaring that the object ceases to exist due to
misdetections. The following definition covers both contiguous
and fragmented trajectories [1].

Definition 2. A trajectory u, on a state space X and a finite
time window K, is a function that maps K to X. The set of
instances (in K) where the state of trajectory u exists is the
domain of u, denoted as Du. The space of all trajectories is
denoted as T.

Note that a trajectory u is contiguous if Du consists of
consecutive instances, otherwise it is fragmented. The state
space X is usually a (finite dimensional) vector space or the
space of probability distributions (on a vector space). The
latter is used to accommodate uncertainty on the states of the
trajectory at given instances.

Definition 3. Let dX be a metric on the state space X, and
d
(c)
X (y, z) ≜ min{dX(y, z), c}, c > 0. For any trajectories u

and v ∈ T, the OSPA trajectory distance of order r ∈ [1,∞]
and cut-off c is defined as

d
(c,r)
T (u, v) =

∑
k∈Du∩Dv

[d
(c)
X (u(k), v(k))]r+cr(|Du−Dv|+ |Dv−Du|)

|Du ∪ Dv|


1
r

. (2)

Remark 1. The proof of the OSPA trajectory metric for
r = 1 was given in [1]. Nonetheless, this result holds for
any r ∈ [1,∞], and for completeness see Supplementary
Materials (SM) Subsection I-A for proof. When the states of
both trajectories exist (i.e., k ∈ Du∩Dv) the error is simply the
distance between the respective states capped by c, and when
only one state exists the error is c. Thus, intuitively the OSPA
trajectory distance is simply the rth-order time-averaged state
and cardinality errors between two trajectories.

With respect to the metric d(c,r)T (·, ·), the rth-order Fréchet
mean of the trajectories v(1), ..., v(N) ∈ T (hereon abbreviated
as v(1:N)) is

v̂ = argmin
u∈T

V (r)(u), (3)

where

V (r)(u) =
∑
k∈K

1
(k)
Du

Ψ
(r)
k (u) + 1

(k)

Du
Ψ̄

(r)
k (u), (4)

Ψ
(r)
k (u) =

N∑
n=1

1
(k)
D
v(n)

[d
(c)
X (u(k), v(n)(k))]r + 1

(k)

D
v(n)

cr

|Du ∪ Dv(n) |
, (5)

Ψ̄
(r)
k (u) =

N∑
n=1

1
(k)
D
v(n)

cr

|Du ∪ Dv(n) |
, (6)



PREPRINT: IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL.74, 2026, PP. 531-544, DOI:10.1109/TSP.2026.3657434 5

1
(x)
X = 1 if x ∈ X and 0 otherwise, and Du = K − Du.

Note that the above functions implicitly depend on v(1:N).
The expression for the cost function V (r)(u) is obtained by
substituting (2) into the sum in (1) with unit weights.

Proposition 1. Suppose v̂ is an rth-order Fréchet mean of
the trajectories v(1:N). Then for each k ∈ Dv̂ , v̂(k) is the
rth-order Fréchet mean of the trajectory states v(n)(k) that
exist at time k, weighted by |Dv̂ ∪ Dv(n) |, i.e.,

v̂(k) = argmin
µ∈X

∑
n:D

v(n)∋k

[d
(c)
X (µ, v(n)(k))]r

|Dv̂ ∪ Dv(n) |
. (7)

The above result (see SM Subsection I-B for proof) provides
an explicit expression for the state of the mean trajectory at
each time step, given its domain. In the next subsection, this
result will be used to compute the mean trajectory.

B. Computing the OSPA Fréchet Mean Trajectory

This subsection presents a method to compute the Fréchet
mean trajectory by converting Problem (3) into an equivalent
form, and developing an efficient algorithm for solving it.

1) Problem Transformation: We transform the decision
variables into an alternative representation on a different space
by decomposing a trajectory u into its existence history γ and
states x, via the transformation

A : T → B|K| × X|K|,

u 7→ (γ, x),

where B = {0, 1}, while the kth entries of γ ∈ B|K| and x ∈
X|K| are given by γk = 1

(k)
Du

and xk = 1
(k)
Du
u(k), respectively

(here we use the convention 0 × u(k) = 0 ∈ X regardless of
whether u(k) is defined or not). If γk = 1, then the trajectory
exists at the kth instance and its state is given by xk, otherwise,
the trajectory does not exist at the kth instance and xk is
ignored. For example, the 1D trajectory u, defined by u(k) =
k for each k ∈ {1, 2, 5} on the window K = {1 : 5}, can be
represented by γ = [1, 1, 0, 0, 1] and x = [1, 2, 0, 0, 5].

A trajectory can be recovered from its existence history and
states, by the transformation

R : B|K| × X|K| → T,
(γ, x) 7→ u,

where u(k) = xk whenever γk = 1, e.g., the 1D trajectory u
with representation γ = [1, 1, 0, 0, 1] and x = [1, 2, 0, 0, 5], can
be reconstructed by setting Du = {1, 2, 5}, u(1) = x1 = 1,
u(2) = x2 = 2, and u(5) = x5 = 5. It is clear that R ◦ A = I,
where I is the identity function, but R is not the inverse of A
because there are more than one element of B|K| × X|K| that
R maps to the same u.

The following lemma provides the sufficient conditions for
the equivalence of the original problem and its transformation.

Lemma 1. Suppose that the transformations A : Z → Y and
R : Y → Z satisfy R ◦ A = I (A is not necessarily invertible).
Let f : Z → [0,∞) and g : Y → [0,∞) be such that

g ◦ A = f and R(y) = R(y′) ⇒ g(y) = g(y′).

If y∗ minimizes g, then R(y∗) minimizes f , and g(y∗) =
f(R(y∗)). (See SM Subsection I-C for proof)

Using this equivalent representation, the Fréchet mean tra-
jectory (3) is given by the solution to Problem (8) below on
the space B|K| × X|K|. This is stated more concisely in the
following (see SM Subsection I-D for proof).

Proposition 2. An rth-order Fréchet mean of the trajectories
v(1:N) is the trajectory v̂, defined by v̂(k) = x̂k whenever
γ̂k = 1, where

(γ̂, x̂) = arg min
(γ,x)∈B|K|×X|K|

U (r)(γ, x), (8)

U (r)(γ, x) =
∑
k∈K

γkψ
(r)
k (γ, xk) + (1− γk) ψ̄

(r)
k (γ), (9)

ψ
(r)
k (γ, xk) =

N∑
n=1

1
(k)
D
v(n)

[d
(c)
X (xk, v

(n)(k))]r+1
(k)

D
v(n)

cr

|Dγ ∪ Dv(n) |
, (10)

ψ̄
(r)
k (γ) =

N∑
n=1

1
(k)
D
v(n)

cr

|Dγ ∪ Dv(n) |
, (11)

Dγ = {k ∈ K : γk = 1}. (12)

Further, Problem (8) can be reduced to optimizing on B|K|

by exploiting Proposition 1 as follows. For each γ ∈ B|K|, let

x∗(γ) ≜ arg min
x∈X|K|

U (r)(γ, x), (13)

W (r)(γ) ≜ U (r)(γ, x∗(γ)). (14)

It is clear that if γ∗ minimizes W (r), then (γ∗, x∗(γ∗))
minimizes U (r), because U (r)(γ∗, x∗(γ∗)) = W (r)(γ∗), and
W (r)(γ∗) ≤ U (r)(γ, x∗(γ)) ≤ U (r)(γ, x). Using the property
of the Fréchet mean in Proposition 1 we can compute x∗(γ),
and subsequently W (r)(γ) for any γ as summarized in Propo-
sition 3 below. Hence, solving Problem (8) amounts to finding
the minimizer γ∗ of W (r), and then invoking Proposition 3
again to determine the states of the mean trajectory.

Proposition 3. For any γ ∈ B|K|, let [x∗1(γ), ..., x
∗
|K|(γ)] ≜

argminx∈X|K| U (r)(γ, x). If γk = 0 or 1
(k)
D
v(n)

= 0, for all
n =1 : N , then x∗k(γ)=0 ∈ X. Further, if γk=1, then

x∗k(γ) = arg min
xk∈X

∑
n:D

v(n)∋k

[d
(c)
X (xk, v

(n)(k))]r

|Dγ ∪ Dv(n) |
. (15)

This result (see SM Subsection I-E for proof) provides an
explicit expression for each component of x∗(γ). Specifically,
if at time k, the state of x∗(γ) does not exist (γk =0) or all
states of the sample trajectories do not exist, then x∗k(γ) is set
to 0 ∈ X. If the state of x∗(γ) exists at time k (γk=1), then
x∗k(γ) is given by the rth-order Fréchet mean of the sample
trajectory states that exist, weighted by |Dγ∪Dv(n) |. Note that
x∗k(γ) in (15) may not be unique, but any minimizer of the
cost would suffice.

2) Mean Trajectory via Greedy Search: Minimizing W (r)

on B|K| is a discrete optimization problem that can be solved
with non-linear binary programming or other stochastic op-
timization techniques such as simulated annealing or genetic
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Algorithm 1 Greedy algorithm for trajectory consensus with
Tt iterations and convergence threshold ϵt.
Output: Mean trajectory v̂.

Initialize γ∗ := 0;
Set γ∗k := 1 if

∑N
n=1 1

(k)
D
v(n)

>0;
cost∗ := W (r)(γ∗); δcost := ∞; i := 0;
while i < Tt and δcost > ϵt do
i++;
for k := 1 : K do γ̃ := γ∗; γ̃k := 1− γ∗k ;

if W (r)(γ̃) < cost∗ then
γ∗ := γ̃; δcost := cost∗ −W (r)(γ̃); cost∗ :=W (r)(γ̃);

Compute x∗ from γ∗ using (15);
Transform v̂ := R(γ∗, x∗);

algorithms [78]. Exhaustive search is also possible if the search
space B|K| is small (|K| is small).

Targeting efficiency to suit online applications, we present a
greedy search algorithm that generates a new γ̃ from γ simply
by changing the component γk ∈ {0, 1} to its complement
(i.e., from 0 to 1 or vice-versa) if this reduces the cost W (r).
This process is cycled through all values of k ∈ K until the
cost reduction falls below some threshold. The pseudocode is
given in Algorithm 1. If the complexity of solving Problem
(15) is O(M), then the worst case complexity of this algorithm
is O(TtK

2M). Figure 1 shows the mean trajectories computed
using this method.

Observe from (9)-(13) that the dependence of trajectory
x∗(γ) on γ is captured in the factors (|Dγ ∪ Dv(n) |)−1,
n ∈ {1 : N}. In practice, these factors have similar values
for different n since the estimates of the same trajectory, but
by different nodes, would have similar lengths. Moreover,
these lengths are relatively long, thereby diminishing the
influence of (|Dγ ∪ Dv(n) |)−1 on x∗(γ). Hence, to further
reduce computations, the optimal x∗(γ) can be approximated
by an x∗ with components

x∗k = arg min
xk∈X

∑
n:D

v(n)∋k

[d
(c)
X (xk, v

(n)
k )]r. (16)

If {1 : N} ∩ {n : Dv(n) ∋ k} = ∅, we set xk = 0 ∈ X. This
approximation reduces the worst case complexity of Algorithm
1 to O(K(Tt+M)). For the examples shown in Figure 1, this
approximate cost produces almost identical mean trajectories
to those from the exact cost.

IV. MULTI-OBJECT TRAJECTORY AND FRÉCHET MEAN

This section extends the notion of consensus for trajectories
in the preceding section to multi-object trajectories. We start
by formulating the Fréchet mean multi-object trajectory w.r.t.
suitable OSPA-based metrics in Subsection IV-A, and then
transform this problem to an equivalent form amenable to
tractable solutions in Subsection IV-B.

A. The Fréchet Mean Multi-Object Trajectory

A multi-object trajectory X is a point pattern4 of trajec-
tories, i.e., each element of X belongs to the space T of

4A point pattern is a multi-set and may contain repeated elements.

trajectories. Let M(T) denote the space of all multi-object
trajectories. Then the rth-order Fréchet mean of the multi-
object trajectories Y (1:N) = Y (1), ...,Y (N), w.r.t. a multi-
object trajectory metric d, is given by

Ŷ = arg min
X∈M(T)

N∑
n=1

dr(X,Y (n)). (17)

Various multi-object trajectory metrics can be constructed us-
ing the OSPA-trajectory metric (presented in Section III-A) as
the base metric, e.g., the Hausdorff-OSPA, Wasserstein-OSPA
and OSPA-OSPA or OSPA(2) metric [1], [76]. The Hausdorff is
insensitive to cardinality differences [60] while the Wasserstein
suffers from a physical inconsistency in cardinalities [60].
The OSPA(2) metric, intuitively capturing the time-averaged
cardinality and state errors per trajectory, alleviates these
issues and is defined as follows.

Definition 4. Consider r ≥ 1, p ≥ 0, c ∈ [p, r
√
2p], and the

OSPA trajectory distance d(c,r)T on T given by5 (2). For any
two multi-object trajectories X = {X1:m} and Y = {Y 1:s}
(without loss of generality, assume m ≤ s), the OSPA(2) (multi-
object trajectory) distance of order r, cardinality penalty p and
cut-off c is defined as [63], [20], [1]

d(X,Y ) =

[
min
π∈Πs

m∑
ℓ=1

[d
(c,r)
T (Xℓ,Yπ(ℓ))]

r + |s−m|pr

s

]1
r

, (18)

with d(∅, ∅) = 0, where Πs denotes the space of permutations
on {1 : s}. If m > s, we define d(X,Y ) = d(Y ,X).
Note that for simplicity, we suppressed the dependence on
the parameters r, c and p. This definition is also based on
the fact that the OSPA metric [20] can be extended to the
case c ∈ [p, r

√
2p], termed the relative TT metric in [63] (see

Section 2 of the referred paper for more details).

Remark 2. If s = m, (18) is also the Wasserstein distance.

More generally d(X,Y ) is the OSPA distance be-
tween the multi-object trajectories X,Y when d

(c)
T (y, z) =

min{dT(y, z), c}, for any trajectory distance dT(y, z). Note
also that the OSPA construction admits variations of the OSPA
metric such as the COLA metric [61], and the TT metric [63]
by extending (18) to

d(X,Y ) =

[
min
π∈Πs

m∑
ℓ=1

[d
(c)
T (Xℓ,Yπ(ℓ))]

r + |s−m|pr

κ(s,m)

]1
r

, (19)

where κ is a non-negative real function of non-negative integer
pairs such that κ(s,m) = κ(m, s). Setting: κ(s,m) =
max(s,m) yields OSPA(2); κ(s,m) = cr, p = c yields COLA-
OSPA; and κ(s,m) = 1, p = c/ r

√
α yields TT-OSPA.

An upper bound on the cardinality of the Fréchet mean
multi-object trajectory w.r.t. the OSPA-based metrics is given
in the following proposition. The proof is given in SM
Subsection I-F.

5We can use d
(c,r)
T (y, z) = min{d(q,l)T (y, z), c}, where d

(q,l)
T (y, z) is

the OSPA trajectory distance, but for convenience we set q = c and l = r.
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Proposition 4. Consider the Fréchet mean of Y (1:N) w.r.t.
the OSPA-based metric described by (19). If for each j ≥
L ≜

∑N
n=1 |Y

(n)|, κ(j, |Y (n)|) depends only on j, i.e.
κ(j, |Y (n)|) = κ(j), and κ(j + 1) − κ(j) ≤ κ(L)/L. Then,
the Fréchet mean’s cardinality is no greater than L.

Note that OSPA(2), COLA-OSPA and TT-OSPA all satisfy
the premise of the above proposition. The next subsection
presents a tractable method to compute the Fréchet mean in
(17) w.r.t. an OSPA-based multi-object trajectory metric of the
form (19).

B. Computing the Fréchet Mean Multi-Object Trajectory

Computing the mean multi-object trajectory requires solving
an optimization problem on the space M(T), which is difficult
since the decision variable involves both the cardinality and
elements of the multi-object trajectory. In this subsection, we
convert this problem into an equivalent form, and present an
efficient algorithm for solving it.

1) Problem Transformation: Similar to Subsection III-B,
we transform the decision variable in M(T) to an alternative
representation on a different space by decomposing a multi-
object trajectory X = {X1:m} into the existence list η
and trajectory list τ , each with length L ≥ m, via the
transformation

A : M(T) → BL × TL,

{X1:m} 7→ (η, τ),

where the list entries ηℓ = 1, τℓ = Xℓ for ℓ = 1 : m, and ηℓ =
0, τℓ = 0 (defined to be function that maps every element of
K to zero), otherwise. By convention, X = {} is represented
by existence and trajectory lists of all zeros.

If ηℓ = 1, then the ℓth trajectory exists and takes on value
τℓ, otherwise the trajectory does not exist and whatever value
of τℓ is ignored. A multi-object trajectory can be recovered
from its existence and trajectory lists by the transformation

R : BL × TL → M(T),
(η, τ) 7→ X = {τℓ : ηℓ = 1},

It is clear that R ◦ A = I, but R is not the inverse of A
because there are more than one element of BL × TL that R
maps to the same X .

Since we are interested in computing the mean of the multi-
object trajectories Y (1:N), the list length L should not be less
than the cardinality of this mean. Using the upper bound on
the Fréchet mean in Proposition 4, we fix L =

∑N
n=1 |Y

(n)|.
Note that Problem (17)-(19) requires computing an OSPA-

based metric, which involves minimizing over the permutation
space parameterized by the cardinality of the decision variable
in M(T). Mapping the decision variable into BL × TL

results in transforming this permutation space to the space
of existence assignments defined as follows.

Definition 5. Given the existence lists η, ξ(1:N) in BL, an
existence assignment between η and ξ(n) is a permutation π
of {1 : L} such that:

• ηℓ = 1 ⇒ ξ
(n)
π(ℓ) = 1, if ∥η∥1 ≤

∥∥ξ(n)∥∥
1
; or

• ξ
(n)
π(ℓ) = 1 ⇒ ηℓ = 1, if ∥η∥1 >

∥∥ξ(n)∥∥
1
.

We denote Ω(n)(η) as the space of existence assignments
between η and ξ(n), and Ω(1:N)(η) ≜ Ω(1)(η)× ...×Ω(N)(η).
Any element of Ω(n)(η) can be represented as an L-vector
ω(n) = [ω(n)(ℓ1), ..., ω

(n)(ℓL)], and any ω ∈ Ω(1:N)(η), can
be represented as an N×L matrix with (n, ℓ) entry ω(n, ℓ) =
ω(n)(ℓ).

Using the transformation A above, Problem (17)-(19) on
M(T) is equivalent to Problem (23) on BL×TL×[ΠL]

N . This
is stated more concisely in the following (see SM Subsection
I-G for proof).

Proposition 5. Let ξ(1:N), χ(1:N) denote the respective ex-
istence and trajectory lists of the multi-object trajectories
Y (1:N), and define the functions

Q(r)
ω (η, τ) =

L∑
ℓ=1

ηℓϕ
(r)
ω,ℓ(η, τℓ) + (1− ηℓ)ϕ̄

(r)
ω,ℓ(η), (20)

ϕ
(r)
ω,ℓ(η, τℓ) =

N∑
n=1

ξ
(n)
ω(n,ℓ)[d

(c)
T (τℓ, χ

(n)
ω(n,ℓ))]

r + (1−ξ(n)ω(n,ℓ))p
r

κ(||η||1, ||ξ(n)||1)
,

(21)

ϕ̄
(r)
ω,ℓ(η) =

N∑
n=1

ξ
(n)
ω(n,ℓ)p

r

κ(||η||1, ||ξ(n)||1)
, (22)

(which implicitly depend on ξ(1:N) and χ(1:N)). If

(η̂, τ̂) = arg min
(η,τ)∈BL×TL

min
ω∈Ω(1:N)(η)

Q(r)
ω (η, τ), (23)

then the multi-object trajectory X̂ = {τ̂ℓ : η̂ℓ = 1} is an
rth-order Fréchet mean of Y (1:N).

Further, Problem (23) reduces to optimizing on BL× [ΠL]
N

as follows. For each η ∈ BL and ω ∈ [ΠL]
N , let

τ∗(η, ω) ≜ arg min
τ∈TL

Q(r)
ω (η, τ), (24)

S(r)(η, ω) ≜ Q(r)
ω (η, τ∗(η, ω)), (25)

and restricting ourselves to the constraint ω ∈ Ω(1:N)(η), i.e.,

1Ω(n)(η1:L)(ω
(n)) = 1, n ∈ {1 : N}. (26)

If (η∗, ω∗) minimizes S(r), subject to constraint
(26), then (η∗, τ∗(η∗, ω∗)) minimizes Q

(r)
ω∗ , because

Q
(r)
ω∗ (η∗, τ∗(η∗, ω∗)) = S(r)(η∗, ω∗) and S(r)(η∗, ω∗) ≤

Q
(r)
ω∗ (η, τ∗(η, ω∗)) ≤ Q

(r)
ω∗ (η, τ). In addition, Proposition 6

below enables the computation of τ∗(η, ω), and subsequently
S(r)(η, ω), for any feasible (η, ω). Hence, Problem (23)
translates to finding the minimizer (η∗, ω∗) of S(r), and
invoking Proposition 6 again to determine the constituent
trajectories of the optimal solution.

Proposition 6. For any η ∈ BL and ω ∈ Ω(1:N)(η), let
[τ∗1 (η, ω), ..., τ

∗
L(η, ω)] = argminτ∈TL Q

(r)
ω (η, τ). If ηℓ = 0,

or ξ(n)ω(n,ℓ) = 0 for all n =1:N , then τ∗ℓ (η, ω)=0. Otherwise,

τ∗ℓ (η, ω)=arg min
τℓ∈T

∑
n:ξ

(n)

ω(n,ℓ)
=1

[d
(c)
T (τℓ, χ

(n)
ω(n,ℓ))]

r

κ(||η||1, ||ξ(n)||1)
. (27)
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Algorithm 2 Greedy algorithm for multi-object trajectory
consensus with Tm iterations and convergence threshold ϵm.

Output: Mean multi-object trajectory X̂ .

Initialize η := 0, ω ∈ Ω(1:N)(η);
ω, cost∗ := optimizePermutation(η, ω);
η∗ := η; ω∗:= ω; δcost := ∞; i := 0;
while i < Tm and δcost > ϵm do
i++;
η, ω := addTrajectories(η, ω);
η := deleteTrajectories(η, ω);
ω, cost := optimizePermutation(η, ω);
if cost < cost∗ then
η∗ := η; ω∗:= ω; δcost := cost∗- cost; cost∗:= cost;

Compute τ∗ from η∗ and ω∗ using (27);
Transform X̂ := R(η∗, τ∗);

Algorithm 3 optimizePermutation function.
Input: η, ω.
Output: Updated ω, cost.

Compute τ∗ from η and ω using (27);
for n := 1 : N do
ω(n, ·) := OptimalAssignment((η, τ∗), (ξ(n), χ(n)));

cost := S(r)(η, ω);

This result (see SM Subsection I-H for proof) provides an
explicit expression for each component trajectory τ∗ℓ (η, ω) of
the trajectory list τ∗(η, ω) that minimizes Q(r)

ω (η, ·). Specifi-
cally, the ℓth trajectory τ∗ℓ (η, ω) is set to 0 ∈ T, if ηℓ = 0 or
τ∗ℓ (η, ω) is not associated (via ω) with any sample trajectories.
Otherwise, τ∗ℓ (η, ω) is the rth-order Fréchet mean of the
associated sample trajectories χ(1)

ω(1,ℓ), ..., χ(N)
ω(N,ℓ) that exist,

weighted by κ(||η||1, ||ξ(1)||1), ..., κ(||η||1, ||ξ(N)||1), which can
be computed using the method in Subsection III-B2. Note that
the solution of Problem (27) might not be unique. Nonetheless,
any minimizer of the cost would be sufficient.

2) Mean Multi-Object Trajectory via Greedy Search: Mini-
mizing the cost function S(r) on BL×[ΠL]subject to constraint
(26) is generally intractable. Inspired by the optimization
method in [63], we present a greedy algorithm that alternates
between η and ω until some local convergence condition is
satisfied. This is outlined in Algorithm 2. First, we initialize
η=0 and any existence assignment matrix ω∈Ω(1:N)(η). We
then alternate between minimizing: i) on the space Ω(1:N)(η)
to update ω; and ii) on the space BL to update η.

For each n ∈ {1 : N}, the optimizePermutation func-
tion (Algorithm 3) is used to determine the optimal existence
assignment ω∗(n, ·). In this step, we first determine the optimal
trajectory list τ∗ conditioned on η and the current ω by solving
(27) for each ℓ ∈ {1 : L}. To obtain ω∗(n, ·), we use a
linear assignment solver [79] to assign elements of the set
{ℓ : ηℓ = 1} to the set {ℓ : ξ(n)ℓ = 1}. The cost of assigning
element i to j is d(c)T (τ∗i , χ

(n)
j ). For any indices that remain

unassigned or are not included in the optimal assignments,
we randomly assign them since any one of these assignments
yields the same cost.

Algorithm 4 addTrajectories function.
Input: η, ω.
Output: Updated η, ω.

Compute τ∗ from η and ω using (27);
for n := 1 : N do

Û
(n)

:={χ(n)
ℓ |d(c)T (τ∗ℓ , χ

(n)
ω(n,ℓ))=c,

ξ
(n)
ω(n,ℓ) = 1, ηℓ = 1, ℓ = 1 : L};

Ū
(n)

:={χ(n)
ℓ |ξ(n)ω(n,ℓ) = 1, ηℓ = 0, ℓ = 1 : L};

U (n) := Û
(n)

∪ Ū
(n); U := ∪N

n=1U
(n);

LA := {ℓ = 1 : L|ηℓ = 0};
for ℓ ∈ LA do

if U = ∅ then break
u := sampleOneElementUniformly(U); U := U − {u};
ώ := optimizeCluster(u, ω, ℓ, U (1:N));
ή := η; ήℓ := 1;
if S(r)(ή, ώ) < S(r)(η, ω) then η := ή; ω := ώ;

optimizeCluster sub-function
Input: u, ω, ℓ, U (1:N).
Output: ώ.

ώ := ω;
for n := 1 : N do
j := argmin j́∈{1:|U(n)|}d

(c)
T (u,U

(n)

j́
);

i := originalIndex(j); (index of U (n)
j in χ(n))

Find ℓ́ such that ώ(n, ℓ́) = i;
í := ώ(n, ℓ); ώ(n, ℓ) := i; ώ(n, ℓ́) := í;

Algorithm 5 deleteTrajectories function.
Input: η, ω
Output: Updated η.

for ℓ := 1 : L do
if ηℓ = 1 do ή := η; ήℓ := 0;

if S(r)(ή, ω) < S(r)(η, ω) then η := ή;

The minimization on BL is carried out by optimizing each
coordinate of η through the functions addTrajectories (Al-
gorithm 4) and deleteTrajectories (Algorithm 5). The
addTrajectories function updates each coordinate of η
from 0 to 1 whenever such a change reduces the cost. The
deleteTrajectories function updates each coordinate of
η from 1 to 0 if doing so results in a cost reduction. If the
complexity of the algorithm to solve Problem (27) is O(Z), the
worst case complexity of Algorithm 2 is O(TmL(NL

2+Z)).
In Figure 2, we show examples of multi-object trajectory
consensus of three point patterns computed by this algorithm.

V. FRÉCHET MEAN VIA GIBBS SAMPLING

While the greedy algorithms proposed in the previous
subsections are inexpensive and well-suited for online appli-
cations, convergence to the global optima is an open question.
In the absence of theoretical results, we endeavor to offer
some empirical analysis by benchmarking the greedy solutions
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against near-optimal solutions (in the context of trajectory and
multi-object trajectory consensus). To this end, we propose a
stochastic optimization technique that can reach optimality,
albeit at the expense of increased computations.

Our proposed optimization method uses Gibbs sampling to
draw samples from a distribution whose peaks align with the
minima of the cost function, and retains samples with the least
costs. Specifically, given a cost function g : Y → [0,∞) and
a constraint function F : Y → {0, 1}, we define a distribution

ρ(y) ∝ e−α(g(y))F (y), (28)

on Y, where α is some positive constant. Since e−α(·) is
bounded, and monotonically decreasing on [0,∞), the maxima
of ρ coincide with the minima of g subject to the constraint
F (y) = 1 (this also holds if we replace e−α(·) by any bounded
monotonically decreasing function). Hence, all samples from
ρ satisfy the constraint F (y) = 1 and the most likely samples
are the minima of g.

The Gibbs sampler generates a Markov chain, wherein
a new iterate ý = (ý1:K) is generated from the current
iterate y = (y1:K) by sampling in each coordinate from the
corresponding conditional distribution ρk(ýk|ý1:k−1, yk+1:K)
as follows [80]

ý1 ∼ ρ1(·|y2:K)

ý2 ∼ ρ2(·|ý1, y3:K)

...
ýK ∼ ρK(·|ý1:K−1).

Choosing the conditional distributions

ρk(ýk|ý1:k−1, yk+1:K) ∝ ρ(ý1:k, yk+1:K), (29)

and assuming the chain can visit all possible states in a finite
number of steps, it can be shown that the Markov chain
converges to the stationary distribution ρ, i.e., when the chain
runs sufficiently long, the subsequent iterates are distributed
according to ρ. Moreover, starting from an initial y ∈ Y, the
Gibbs sampler converges to the distribution ρ at an exponential
rate [81]. In Subsections V-A and V-B, we adapt the Gibbs
sampler, respectively, to compute the mean trajectory and
mean multi-object trajectory.

A. Gibbs Sampling for Mean Trajectory

In trajectory consensus, Y = BL, y = γ, the cost function
g(y) =W (r)(γ), and there is no constraint. For completeness,
the pseudocode to compute the Fréchet mean trajectory is
given in Algorithm 6, and convergence of the Gibbs sampler
(to the stationary distribution at an exponential rate) directly
follows from Lemma 4.3.4 of [81]. If the complexity of the
algorithm to solve Problem (15) is O(M), the complexity of
Algorithm 6 is O(GtK

2M).
Similar to the greedy algorithm introduced in Section III-B2,

we can approximate the cost W (r)(·) by using x∗ computed
by (16) in place of x∗(γ). This approximation reduces the
complexity of Algorithm 6 to O(K(Gt +M)).

Algorithm 6 Gibbs sampling for trajectory consensus with Gt

iterations and categorical sampler (denoted as CatSampling).
Output: Mean trajectory v̂.

Initialize γ := 0;
Set γk := 1 if

∑N
n=1 1

(k)
D
v(n)

>0;
γ∗ := γ; cost∗ := W (r)(γ∗);
for t := 1 : Gt do

for k := 1 : K do
γk ∼ CatSampling({0, 1}, ρk(·|γ1:k−1, γk+1:K));
if W (r)(γ) < cost∗ then γ∗ := γ; cost∗ :=W (r)(γ);

Compute x∗ from γ∗ using (15);
Transform v̂ := R(γ∗, x∗);

B. Gibbs Sampling for Mean Multi-Object Trajectory

In multi-object trajectory consensus, Y = BL × [ΠL]
N ,

y1:L = η1:L, yL+1:K = ω(1:N), K = L+N , the cost function
g(y1:K) = S(r)(η1:L, ω

(1:N)) and the constraint function
F (y1:K) =

∏N
n=1 1Ω(n)(η1:L)(ω

(n)), because each ω(n) is an
existence assignment, i.e., ω(n) ∈ Ω(n)(η1:L). Hence, the
stationary distribution is

ρ(η1:L, ω
(1:N)) ∝ e−α(S(r)(η1:L,ω(1:N)))

N∏
n=1

1Ω(n)(η1:L)(ω
(n)).

Since each ω(n) is an existence assignment, i.e., a permutation
vector in ΠL with certain properties, sampling ώ(n) from the
corresponding conditional

ρL+n(·|ή1:L, ώ(1:n−1), ω(n+1:N)), (30)

is more involved than sampling the existence variable ηℓ ∈
B = {0, 1}. Sampling ώ(n) coordinate by coordinate is
difficult because each component of the permutation vector
must be different from the others. Using block Gibbs sampling
is expensive when the block size is large. To circumvent this
issue, we propose a reparameterization technique based on
repeated insertion [82] that enables efficient Gibbs sampling.

Given a reference permutation vector ϑ = [ϑ1, ..., ϑL], an
insertion vector is a vector of positive integers j = [j1, ..., jL]
that satisfies jℓ ≤ ℓ, ∀ℓ ≤ L. A repeated insertion function
ϱϑ maps an insertion vector j to a permutation vector π, i.e.,
π = ϱϑ(j), by inserting ϑℓ into position jℓ of π and shifting
its previous value (if there is one) to position jℓ +1, for each
ℓ ≤ L. This is illustrated below.

Example 1. Consider a reference permutation vector ϑ =
[3, 1, 2, 4] and an insertion vector j = [1, 2, 2, 3]. We start
with an empty vector π = [#,#,#,#]. We first insert ϑ1 = 3
to position j1 = 1 of π which yields π = [3,#,#,#]. We
then insert ϑ2 = 1 to position j2 = 2 of π which yields
π = [3, 1,#,#]. We continue to insert ϑ3 = 2 to position
j3 = 2 of π. But since position 2 of π is currently occupied
by 1, we shift 1 to position 3 and insert ϑ3 = 2 into position
2, which yields π = [3, 2, 1,#]. Finally we insert ϑ4 = 4 to
position j4 = 3. But since position 3 is currently occupied by
1, we shift 1 to position 4 and insert 4 in position 3, which
finally yields π = [3, 2, 4, 1].
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Algorithm 7 Gibbs sampling for multi-object trajectory con-
sensus with Gm iterations.

Output: Mean multi-object trajectory X̂ .

Initialize η, ω using Algorithm 2;
η∗ := η; ω∗ := ω; cost∗:= S(r)(η, ω);
for g := 1 : Gm do
/*sample existence list*/

for ℓ := 1 : L do
ηℓ ∼ CatSampling({0, 1}, ρℓ(·|η1:ℓ−1, ηℓ+1:L, ω));
if S(r)(η, ω) < cost∗ then
η∗ := η; ω∗:= ω; cost∗ := S(r)(η, ω);

/*sample existence assignments*/

for n := 1 : N do
j := ϱ−1

ϑ (ω(n));
for ℓ := 1 : L do
jℓ ∼ CatSampling({1 : ℓ}, p̃ϑ,ℓ(·|j1:ℓ−1, jℓ+1:L));
ω := [ω(1), ..., ω(n−1), ϱϑ(j), ω

(n+1), ..., ω(N)];
if S(r)(η, ω) < cost∗ then
η∗ := η; ω∗:= ω; cost∗ := S(r)(η, ω);

Compute τ∗ from η∗ and ω∗ using (27);
Transform X̂ := R(η∗, τ∗);

Noting that the repeated insertion function ϱϑ is bijective
[83], we can transform the problem of sampling a permutation
vector π from a distribution p(·) (such as the conditional (29)),
into sampling an insertion vector j from p̃ϑ(·) ≜ p(ϱϑ(·))
and then recover π = ϱϑ(j). Sampling insertion vectors from
p̃ϑ can be accomplished coordinate by coordinate via Gibbs
sampling with conditionals

p̃ϑ,ℓ(j́ℓ|j́1:ℓ−1, jℓ+1:L) ∝ p̃ϑ(j́1:ℓ−1, j́ℓ, jℓ+1:L).

Specifically, for sampling ω(n) from (30), the above condi-
tional is proportional to

ρ(ή1:L, ώ
(1:n−1), ϱϑ([j́1:ℓ, jℓ+1:L]), ω

(n+1:N)).

The pseudocode to compute the mean multi-object trajec-
tory via Gibbs sampling is provided in Algorithm 7, and con-
vergence of the Gibbs sampler (to the stationary distribution
at an exponential rate) is proven in SM Subsection II-A. If the
complexity of the algorithm to solve Problem (27) is O(Z),
the complexity of Algorithm 7 is O(GmNL

3Z), where Gm is
the number of iterates of the Gibbs sampler. Implementation
strategies to speed up computations are discussed in SM
Subsection II-B.

Remark 3. Sampling distributions on the space of permuta-
tions is an important problem in computational statistics [84].
The proposed algorithm is the first to exploit repeated insertion
to perform Gibbs sampling on the space of permutations.

VI. EXPERIMENTAL RESULTS

This section presents the first practical demonstration of
Fréchet mean (FM) multi-object trajectory consensus, that
is, the tractable computation of the geometric barycenter or
“average” for multiple sets of trajectory valued elements. The
results explore the behavior of FM consensus with the OSPA(2)
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Figure 3. True trajectories and network configuration where the nodes are
annotated by `, 8 or ♦, see Table II for details of the sensor nodes.

Table II
SUMMARY OF SENSOR TYPES. THE PARAMETERS PD AND λc ARE

RESPECTIVELY THE SENSOR DETECTION PROBABILITY AND CLUTTER
RATE.

Type Symbol Sensor Tracker PD λc

1 ` R-RR-B TO-MHT 0.85 50

2 ♦ POS LMB 0.7 10

3 8 B-R GLMB 0.9 70

metric (defined in (18)), where p = 100m and c = 100
√
2m.

We demonstrate the results for the first-order (r = 1) and the
second-order (r = 2) Fréchet means, denoted as FM(1) and
FM(2) respectively. Both of the proposed implementations are
considered, namely greedy search as in Sections III-IV (with 5
and 100 iterations respectively for trajectory and multi-object
trajectory consensus) as well as Gibbs sampling as in Section
IV (with 100 and 10 iterations respectively for trajectory and
multi-object trajectory consensus).

Direct comparisons are also undertaken with the two latest
approaches for trajectory consensus, DBSCAN clustering for
tracks (DBSCAN-T) [49] and Track Consensus (TC) in [47]. It
should be noted that the proposed FM consensus is inherently
a multi-scan or window-based formulation (batch) whereas
DBSCAN-T and TC are both single-scan or recursive formu-
lations (scan-by-scan). Thus, the FM approach also marks the
first tractable implementation of a batch as opposed to scan-
by-scan algorithm for multi-object trajectory consensus.

A networked multi-object tracking scenario is employed to
generate a synthetic dataset for the purpose of demonstrating
multi-object trajectory consensus. A fixed ground truth with
multiple sensor nodes is used to generate multiple sets of
imperfect estimates. In general, any mix of sensor types or
even human mediated reports can be processed since the FM
or consensus is not dependent on the sensor types or models.
The sets of node outputs are collectively fed into the consensus
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Figure 4. Sample outputs from FM(1) with Euclidean distance and greedy search, TC and DBSCAN-T.

Figure 5. Sample output from FM(1) fusion with uncertainty. The ellipses
represent 95% confidence intervals of the Gaussian distributions. Dashed line
ellipses are estimates from the nodes and solid ellipses are the fused results.

algorithm whose result is then compared to the ground truth.
The ground truth has 20 trajectories of different lengths over

100 time scans of 1s intervals. The individual node reports
come from 8 distinctly located sensors, each chosen from 3
different types, and producing estimates of the multi-object
trajectory ground truth with varying accuracy. The ground
truths and sensor locations are shown in Figure 3. The multi-
object trajectory estimate from each node is simulated as the
output of various tracking filters run on different measurement
types. In particular, the measurement types are range, range-
rate and bearing (R-RR-B), bearing range (B-R) and 2D posi-
tion (POS) with noise standard deviation of 20m on position
and range, 1◦ on bearing noise, and 2m/s on range rate. The
trackers are track-oriented MHT (TO-MHT) [85], LMB [29],
or GLMB filters [30]. All trackers use a constant velocity
motion model with a sampling time of 1s and process noise
standard deviation of 5m/s2. Node information is summarized
in Table II.

In addition to deterministic estimates (wherein the Eu-
clidean distance (ED) is used as the base distance), we also
apply our technique to fuse multi-object trajectories with un-

certainty. Presumably, the reported trajectories from each node
are represented by Gaussian distributions, i.e., if a trajectory
exists at time k, its state is a Gaussian distribution parameter-
ized by a mean vector and a covariance matrix. To illustrate the
application of our technique in Fréchet-mean fusion of tracks
with uncertainty, we use the techniques proposed in [71] to
compute the centroids of Gaussians w.r.t. Jeffrey’s divergence
(JD)6. Since computing the centroid Gaussian distributions is
expensive, we only compute the Fréchet mean multi-object
trajectory (with uncertainty) using the greedy search method.

A sample output from each of FM(1) (Greedy) via ED,
TC and DBSCAN-T is given in Figure 4. Further, we also
illustrate the output from FM(1) fusion with uncertainty via JD
in Figure 5. It can be seen that outputs of the FM approaches
correctly identify all trajectories. In contrast, the TC output
shows some susceptibility to track switching and fragmen-
tation, while DBSCAN-T additionally exhibits late initiation
and termination. These observations are consistent with the
fact that FM(1) is a multi-scan or window-based formulation
which processes batch data, whereas TC and DBSCAN-T are
single-scan or recursive strategies which cannot change past
estimates.

To confirm these observations, 100 Monte Carlo trials are
performed. The instantaneous estimated cardinality versus
time is shown in Figure 6. The OSPA(2) metric [1], with
order of 1, cut-off distance and cardinality penalty of 100m,
is calculated on an expanding window and shown versus time
in Figure 7. Importantly, the OSPA(2) is a formal distance
function which jointly penalizes localization and cardinality
errors, in addition to trajectory fragmentation and labeling
errors. The OSPA(2) error value at a given instant can be
interpreted as a time-averaged per-trajectory error, which in
this study is calculated over an expanding window from the
scenario start to the current time.

The cardinality curves in Figure 6 indicate that FM con-
sensus generally results in correct cardinality estimates with
quick track initiation but some delay in track termination.
This behavior reflects the output of the underlying tracking
filters at each of the sensor nodes since they all exhibit the

6JD, which is a symmetrized KLD, is a pseudo-metric since it does not
satisfy the triangle inequality. We use JD in our demonstration owing to the
popularity of KLD for fusing distributions via the geometric mean.
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Figure 7. Average OSPA(2) over all MC runs at different time steps. All
FM-based solutions have almost identical performance.

same characteristics which are reported as the consensus. The
OSPA(2) curves in Figure 7 further indicate that the greedy
search (for both FM(1) and FM(2)), using either ED and JD
as base distances, and Gibbs sampling implementations have
almost identical performance. Importantly, the FM results in
the lowest OSPA(2) error of the three approaches since it
implements window-based or multi-scan consensus scheme.

While TC has very accurate instantaneous cardinality es-
timates, the peer-to-peer nature exacerbates errors due to
track switching and fragmentation, as indicated by the higher
OSPA(2) error. A similar examination of DBSCAN-T confirms
the noticeable lag in track initialization and termination which
occurs in addition to track switching and fragmentation. Even
though DBSCAN-T is a centralized scheme, the single scan
recursive nature combined with its generation of singleton
clusters, results in more overall errors.

Further analysis is presented in Table III which shows the
final OSPA(2) error calculated over the entire scenario along
with the total execution time. The final OSPA(2) errors for

Table III
AVERAGE ERROR OVER ALL MC RUNS. ONE STANDARD DEVIATION

SHOWN IN PARENTHESIS.

Method OSPA(2)(m) Exec. Time(s)

DBSCAN-T 38.05(5.38) 39.19(0.93)
TC 49.47(8.50) 397.36(7.24)
FM(1)-ED (Greedy) 11.05(0.80) 27.57(2.29)
FM(2)-ED (Greedy) 12.05(1.05) 21.55(1.66)
FM(1)-ED (Gibbs) 10.48(0.81) 1099.52(76.84)
FM(2)-ED (Gibbs) 11.21(0.81) 1073.81(61.44)
FM(1)-JD (Greedy) 11.41(1.06) 154.47(17.59)

Table IV
AVERAGE ERROR OVER ALL MC RUNS FOR EACH NODE. ONE STANDARD

DEVIATION SHOWN IN PARENTHESIS.

Node Loc. OSPA(2)(m) Node Loc. OSPA(2)(m)

(50,950) 40.02(7.28) (1950,50) 41.26(7.35)
(1000,950) 48.54(4.35) (1000,50) 49.00(5.14)
(1950,950) 41.53(7.30) (50,50) 39.24(6.87)
(1950,500) 61.56(4.35) (50,500) 62.09(4.54)

each of the node estimates are also shown in Table IV. The
final OSPA(2) values confirm that FM consensus results in the
lowest estimation error and significantly improves the raw sen-
sor node outputs. Further, the greedy search implementation
is marginally less accurate than Gibbs sampling but is orders
of magnitude faster. Among the FM consensus algorithms,
the second-order FM techniques exhibit slightly worse perfor-
mance than their first-order counterparts, while demonstrating
a noticeable reduction in run-time. The better performance of
the order-1 FM could be attributed to the resilience of the
median against noise. The more efficient order-2 FM (with the
Euclidean base distance) is due to the simpler computation
of the fused trajectory state at each time step by averaging
the corresponding data points, whereas computing the median
requires an iterative process. Overall, the results suggest that
the FM via greedy search produces significant improvements
in consensus performance compared to existing approaches
and with relatively efficient computation times.

VII. CONCLUSIONS

In this work, we introduced the notion of average for
trajectories and multi-sets of trajectories using the Fréchet
mean and OSPA-based metrics. We proposed methods for
computing these means based on greedy search or Gibbs
sampling. The greedy-search-based algorithms are numerically
efficient and reach consensus much faster than state-of-the-
art algorithms. In the absence of theoretical results on the
convergence to the optimal solution, we provide empirical
analysis by benchmarking the greedy-based solution against
the computationally intensive Gibbs-sampling-based solutions
that have well established convergence properties. Our experi-
ments on distributed multi-object tracking have shown that the
proposed consensus solutions significantly outperform state-
of-the-art techniques. The greedy search algorithms outper-
form the current techniques both in terms of efficiency and
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accuracy by a significant margin, and are not far from the
Gibbs-sampling-based solution in accuracy. Future research
will focus on developing efficient algorithms for diverse track-
ing applications, including scenarios with unknown and non-
common fields of view, where our consensus approach shows
significant potential for adaptation and advancement.
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distributed system for multisensor multitarget tracking,” IEEE Trans.
Aerosp. Electron. Syst., vol. 58, no. 3, pp. 2164–2179, 2021.

[55] P. Wang, H. Ji, and L. Liu, “Consistent fusion method with uncertainty
elimination for distributed multi-sensor systems,” Inf. Sci., vol. 595, pp.
378–394, 2022.

[56] L. M. Kaplan, Y. Bar-Shalom, and W. D. Blair, “Assignment costs
for multiple sensor track-to-track association,” IEEE Trans. Aerosp.
Electron. Syst., vol. 44, no. 2, pp. 655–677, 2008.

[57] Y. Bar-Shalom and L. Campo, “The effect of the common process
noise on the two-sensor fused-track covariance,” IEEE Trans. Aerosp.
Electron. Syst., no. 6, pp. 803–805, 1986.

[58] Y. Bar-Shalom and H. Chen, “Multisensor track-to-track association for
tracks with dependent errors,” in IEEE Conf. Decis. Control, vol. 3,
2004, pp. 2674–2679.

[59] A. Tokta and A. K. Hocaoglu, “A fast track to track association algorithm
by sequence processing of target states,” in Int. Conf. Inf. Fusion, 2018,
pp. 1–5.

[60] J. R. Hoffman and R. P. Mahler, “Multitarget miss distance via optimal
assignment,” IEEE Trans. Syst. Man Cybern.-A: Syst. Hum., vol. 34,
no. 3, pp. 327–336, 2004.

[61] P. Barrios, M. Adams, K. Leung, F. Inostroza, G. Naqvi, and M. E.
Orchard, “Metrics for evaluating feature-based mapping performance,”
IEEE Trans. Robot., vol. 33, no. 1, pp. 198–213, 2017.

[62] A. S. Rahmathullah, Á. F. García-Fernández, and L. Svensson, “Gener-
alized optimal sub-pattern assignment metric,” in Int. Conf. Inf. Fusion,
2017, pp. 1–8.

[63] R. Müller, D. Schuhmacher, and J. Mateu, “Metrics and barycenters for
point pattern data,” Stat. Comput., vol. 30, pp. 953–972, 2020.

[64] P. Barrios and M. Adams, “A comparison of multi-object sub-pattern
linear assignment metrics,” in Int. Conf. Control Autom. Inf. Sci., 2023,
pp. 712–718.

[65] M. Baum, B. Balasingam, P. Willett, and U. D. Hanebeck, “OSPA
barycenters for clustering set-valued data,” in Int. Conf. Inf. Fusion,
2015, pp. 1375–1381.

[66] M. Guerriero, L. Svensson, D. Svensson, and P. Willett, “Shooting two
birds with two bullets: How to find minimum mean OSPA estimates,”
in Int. Conf. Inf. Fusion, 2010, pp. 1–8.

[67] B. Balasingam, M. Baum, and P. Willett, “MMOSPA estimation with
unknown number of objects,” in IEEE China Summit Int. Conf. Signal
Inf. Process., 2015, pp. 706–710.

[68] A. Assa and K. N. Plataniotis, “Wasserstein-distance-based Gaussian
mixture reduction,” IEEE Signal Processing Lett., vol. 25, no. 10, pp.
1465–1469, 2018.

[69] F. Nielsen, “Fisher-Rao and pullback Hilbert cone distances on the
multivariate Gaussian manifold with applications to simplification and
quantization of mixtures,” in Topol. Algebr. Geom. Learn. Workshops,
2023, pp. 488–504.

[70] S. Nagappa, D. E. Clark, and R. Mahler, “Incorporating track uncertainty
into the OSPA metric,” in Int. Conf. Inf. Fusion, 2011, pp. 1–8.

[71] F. Nielsen and R. Nock, “Sided and symmetrized Bregman centroids,”
IEEE Trans. Inf. Theory, vol. 55, no. 6, pp. 2882–2904, 2009.

[72] B. Ristic, B.-N. Vo, D. Clark, and B.-T. Vo, “A metric for performance
evaluation of multi-target tracking algorithms,” IEEE Trans. Signal
Process., vol. 59, no. 7, pp. 3452–3457, 2011.

[73] T. Vu and R. Evans, “A new performance metric for multiple target
tracking based on optimal subpattern assignment,” in Int. Conf. Inf.
Fusion, 2014, pp. 1–8.

[74] M. Beard, B. T. Vo, and B.-N. Vo, “OSPA(2): Using the OSPA metric to
evaluate multi-target tracking performance,” in Int. Conf. Control Autom.
Inf. Sci., 2017, pp. 86–91.

[75] Á. F. García-Fernández, A. S. Rahmathullah, and L. Svensson, “A metric
on the space of finite sets of trajectories for evaluation of multi-target
tracking algorithms,” IEEE Trans. Signal Process., vol. 68, pp. 3917–
3928, 2020.

[76] T. T. D. Nguyen, H. Rezatofighi, B.-N. Vo, B.-T. Vo, S. Savarese, and
I. Reid, “How trustworthy are performance evaluations for basic vision
tasks?” IEEE Trans. Pattern Anal. Mach. Intell., vol. 45, no. 7, pp.
8538–8552, 2023.

[77] B.-N. Vo, B.-T. Vo, T. T. D. Nguyen, and C. Shim, “An overview
of multi-object estimation via labeled random finite set,” IEEE Trans.
Signal Process., vol. 72, pp. 4888–4917, 2024.

[78] M. J. Kochenderfer and T. A. Wheeler, Algorithms for optimization.
MIT Press, 2019.

[79] R. Jonker and A. Volgenant, “A shortest augmenting path algorithm for
dense and sparse linear assignment problems,” Computing, vol. 38, no. 4,
pp. 325–340, 1987.

[80] G. Casella and E. I. George, “Explaining the Gibbs sampler,” Am. Stat.,
vol. 46, no. 3, pp. 167–174, 1992.

[81] R. Gallager, Stochastic Processes: Theory for Applications. Cambridge
University Press, 2013.
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I. MATHEMATICAL PROOFS

In this section, we provide mathematical proofs that were
left out in the main text.

A. OSPA Trajectory Metric Proof

Using the abbreviation Duv = Du∪Dv , we rewrite the OSPA
distance (2) between any two trajectories u, v ∈ T as

d
(c,r)
T (u,v)=

[
1

|Duv|
∑

k∈Du∪Dv

[d̃
(c)
X (uk, vk)]

r

] 1
r

,

where uk = {u(k)} if k ∈ Du, uk = ∅ if k /∈ Du,

d̃
(c)
X (x, y) =


d
(c)
X (x(1), y(1)), |x| = |y| = 1

0, |x| = |y| = 0

c, otherwise
,

and x= {x(1), ..., x(n)}. The proof is based on the following
lemma.
Lemma A1. For any trajectories u, v, t ∈ T, c > 0 and
r ∈ [1,∞], ,[

1

|Dut|
∑

k∈Dut

[d̃
(c)
X (uk, vk)]

r

] 1
r

≤

[
1

|Duv|
∑

k∈Duv

[d̃
(c)
X (uk, vk)]

r

] 1
r

.

Proof. For r = ∞, the inequality holds because

lim
r→∞

[
1

n

n∑
i=1

[αi]
r

] 1
r

= max
1≤i≤n

αi, (A1)

for αi ≥ 0 and d̃(c)X (uk, vk) = 0 for k /∈ Duv .
For r ∈ [1,∞), let I = Duv ∩ Dut and V = Duv \ Dut,
which means Duv = I ⊎V . Noting that |Duv| = |I|+ |V | and
|I| = |Duv ∩ Dut| ≤ |Dut| we have,

|Duv| |I| ≤ |Dut|(|I|+ |V |)
⇔ (|Duv| − |Dut|)|I|cr ≤ |Dut||V |cr

⇔ (|Duv| − |Dut|)
∑
k∈I

[d̃
(c)
X (uk, vk)]

r ≤ |Dut||V |cr

⇔|Duv|
∑
k∈I

[d̃
(c)
X (uk, vk)]

r≤|Dut|

[∑
k∈I

[d̃
(c)
X (uk, vk)]

r+ |V |cr
]

⇔ 1

|Dut|
∑
k∈I

[d̃
(c)
X (uk, vk)]

r≤ 1

|Duv|

[∑
k∈I

[d̃
(c)
X (uk, vk)]

r+ |V |cr
]
.

Since Dut = I⊎(Dut\Duv) and d̃(c)X (uk, vk) = 0 for k /∈ Duv ,∑
k∈Dut

[d̃
(c)
X (uk, vk)]

r =
∑
k∈I

[d̃
(c)
X (uk, vk)]

r.

In addition, since Duv = I ⊎ V and [d̃
(c)
X (uk, vk)]

r = cr for
k ∈ V (i.e., k ∈ Dv , k /∈ Du, k /∈ Dt ),∑

k∈Duv

[d̃
(c)
X (uk, vk)]

r =
∑
k∈I

[d̃
(c)
X (uk, vk)]

r + |V |cr.

Hence,
1

|Dut|
∑

k∈Dut

[d̃
(c)
X (uk, vk)]

r ≤ 1

|Duv|
∑

k∈Duv

[d̃
(c)
X (uk, vk)]

r.

Raising both sides to 1/r yields the desired result. ■

By definition, (2) trivially satisfies the metric properties
except for the triangle inequality. Thus, for any trajectories
u, v, t ∈ T, we need to prove

d
(c,r)
T (u, v) ≤ d

(c,r)
T (v, t) + d

(c,r)
T (u, t). (A2)

Consider r ∈ [1,∞). Since d̃(c)X is a metric,

d̃
(c)
X (uk, vk) ≤ d̃

(c)
X (vk, tk) + d̃

(c)
X (uk, tk),

and hence,[
1

|Duv|
∑

k∈Duv

[d̃
(c)
X (uk, vk)]

r

] 1
r

≤

[
1

|Duv|
∑

k∈Duv

[d̃
(c)
X (vk, tk) + d̃

(c)
X (uk, tk)]

r

] 1
r

.

Using the definition of d(c,r)T and applying Minkowski’s in-
equality to the right-hand side, it follows that

d
(c,r)
T (u, v) ≤

[
1

|Duv|
∑

k∈Duv

[d̃
(c)
X (vk, tk)]

r

] 1
r

+

[
1

|Duv|
∑

k∈Duv

[d̃
(c)
X (uk, tk)]

r

] 1
r

.

Applying Lemma A1 yields[
1

|Duv|
∑

k∈Duv

[d̃
(c)
X (vk, tk)]

r

] 1
r

≤

[
1

|Dvt|
∑

k∈Dvt

[d̃
(c)
X (vk, tk)]

r

] 1
r

,

[
1

|Duv|
∑

k∈Duv

[d̃
(c)
X (uk, tk)]

r

] 1
r

≤

[
1

|Dut|
∑

k∈Dut

[d̃
(c)
X (uk, tk)]

r

] 1
r

.

Thus, (A2) holds by the definition of d(c,r)T and the above
inequality.

For r = ∞, it follows from (A1) that limr→∞ d
(c,r)
T (u, v) =

d
(c,∞)
T (u, v). Thus, (A2) also holds using the same argument

as per the r ∈ [1,∞) case.

B. Proof of Proposition 1

Suppose (7) is not true, i.e., there is an l ∈ Dv̂ and a µ ∈ X
such that∑
n:D

v(n)∋l

[d
(c)
X (µ, v(n)(l))]r

|Dv̂ ∪ Dv(n) |
<

∑
n:D

v(n)∋l

[d
(c)
X (v̂(l), v(n)(l))]r

|Dv̂ ∪ Dv(n) |
.

Let u be a trajectory with the same domain as v̂, i.e., Dv̂ = Du,
where u(l) = µ, and u(k) = v̂(k) for each k ∈ Dv̂ − {l}.
Then, adding

∑N
n=11

(l)

D
v(n)

cr|Du ∪ Dv(n) |−1 to both sides of
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the above inequality we have

Ψ
(r)
l (u)=

N∑
n=1

1
(l)
D

v(n)
[d

(c)
X (µ, v(n)(l))]r + 1

(l)

D
v(n)

cr

|Du ∪ Dv(n) |

<

N∑
n=1

1
(l)
D

v(n)
[d

(c)
X (v̂(l), v(n)(l))]r+1

(l)

D
v(n)

cr

|Dv̂ ∪ Dv(n) |
=Ψ

(r)
l (v̂).

Further, 1(k)

Dv̂
Ψ̄

(r)
k (v̂) = 1

(k)

Du
Ψ̄

(r)
k (u) because these terms only

depend on Dv̂ = Du. Hence,

V (r)(u) =
∑
k∈K

1
(k)
Du

Ψ
(r)
k (u) + 1

(k)

Du
Ψ̄

(r)
k (u)

<
∑
k∈K

1
(k)
Dv̂

Ψ
(r)
k (v̂) + 1

(k)

Dv̂
Ψ̄

(r)
k (v̂) = V (r)(v̂).

This contradicts the minimality of v̂, hence the result.

C. Proof of Lemma 1

Let y∗ ∈ Y be a minimizer of g, and z∗ = R(y∗) ∈ Z.
Since R ◦ A = I, we have R(A(z∗)) = z∗ = R(y∗), which
implies g(A(z∗)) = g(y∗). Further, using g ◦A = f , we have
f(z∗) = g(A(z∗)) = g(y∗).

Suppose there exists a ẑ ∈ Z such that f(ẑ) < f(z∗). Then
g(A(ẑ)) = f(ẑ) < f(z∗) = g(y∗), which contradicts the
minimality of y∗. Hence, if y∗ minimizes g, then z∗ = R(y∗)
minimizes f , and f(z∗) = g(y∗).

D. Proof of Proposition 2

It can be verified that U (r) ◦ A = V (r), by substituting
(γ, x) = A(u), i.e., γk = 1

(k)
Du

, xk = 1
(k)
Du
u(k), and Dγ = Du

into U (r)(γ, x). Additionally, if R(γ, x) = R(γ′, x′), then
γ = γ′ and xk = x′k whenever γk = 1, which implies
γkψ

(r)
k (γ, xk) = γ′kψ

(r)
k (γ′, x′k), and hence, U (r)(γ, x) =

U (r)(γ′, x′). Since R ◦ A = I, by virtue of Lemma 1, solving
(3) amounts to solving (8) and applying the transformation R
to recover the optimal trajectory.

E. Proof of Proposition 3

Using the definition of U (r)(γ, x) in (9),

U (r)(γ, x∗(γ))= min
x∈X|K|

∑
k∈K

γkψ
(r)
k (γ, xk) + (1− γk) ψ̄

(r)
k (γ)

=
∑
k∈K

min
xk∈X

γkψ
(r)
k (γ, xk)+

∑
k∈K

(1−γk)ψ̄(r)
k (γ).

Hence, for each k, x∗k(γ) = argminxk∈X γkψ
(r)
k (γ, xk). If

γk = 0 or 1
(k)
D

v(n)
= 0, for all n = 1 : N , then any value of

x∗k(γ) ∈X yields the same cost. Thus, x∗k(γ) = 0 ∈ X is an
optimal solution. If γk=1, then γkψ

(r)
k (γ, ·) = ψ

(r)
k (γ, ·), and

x∗k(γ) = arg min
xk∈X

ψ
(r)
k (γ, xk)

= arg min
xk∈X

N∑
n=1

1
(k)
D

v(n)
[d

(c)
X (xk, v

(n)(k))]r

|Dγ ∪ Dv(n) |
.

F. Proof of Proposition 4

If L ≜
∑N

n=1 |Y
(n)| = 0, an optimal solution (of Problem

(17)-(19)) is Ŷ = ∅, yielding zero cost.
We now consider L > 0. For p = 0, the cardinality differ-

ence has no contribution to the cost and an optimal solution
is Ŷ = ∪N

n=1Y
(n), yielding zero cost, hence the bound holds.

For p > 0, note that for each Y (i), the multi-object trajec-
tory Ȳ ≜ ⊎N

j=1Y
(j) matches every elements of Y (i), and

the remaining unmatched elements from Y (1:i−1),Y (i+1:N)

constitute a cost of
pr

∑N
j=1,j ̸=i |Y

(i)|
κ(
∑N

i=1 |Y
(i)|)

.

Hence, the total cost of Ȳ is∑N
i=1

(
pr

∑N
j=1,j ̸=i |Y

(j)|
)

κ(
∑N

i=1 |Y
(i)|)

=
(N − 1)pr

∑N
i=1 |Y

(i)|
κ(
∑N

i=1 |Y
(i)|)

,

=
(N − 1)prL

κ(L)
.

Now, suppose Ŷ is an optimal solution with cost D, and
cardinality |Ŷ | > L. Then, the optimality of Ŷ implies D ≤
(N−1)prL

κ(L) , i.e.,

D
κ(L)

L
≤ (N − 1)pr,

and there exists (at least) a trajectory u ∈ Ŷ that is not
paired to any sample trajectory in Y (1:N). Removing u from
Ŷ changes the cost by

δ =
Dκ(|Ŷ |)−Npr

κ(|Ŷ | − 1)
−D

=
D

[
κ(|Ŷ |)− κ(|Ŷ | − 1)

]
− (N − 1)pr − pr

κ(|Ŷ | − 1)
.

Since |Ŷ | > L and κ(j + 1)− κ(j) ≤ κ(L)
L for all j ≥ L,

D
[
κ(|Ŷ |)− κ(|Ŷ | − 1)

]
≤ D

κ(L)

L
≤ (N − 1)pr,

which means δ < 0. Thus, there is a multi-object trajectory
of cardinality |Ŷ | − 1 with smaller cost than Ŷ , thereby
contradicting the optimality of Ŷ . Hence, it is not possible
to have an optimal solution with cardinality greater than L.

G. Proof of Proposition 5

Denote ⌈a, b⌉=max{a, b}, ⌊a, b⌋=min{a, b}, substituting
(19) into (17) without assuming the larger cardinality yields

Ŷ = arg min
X∈M(T)

N∑
n=1

min
π(n)∈

∏
⌈|X|,|Y (n)|⌉

⌊|X|,|Y (n)|⌋∑
ℓ=1

[d̄
(c)
T (X,Y (n)|ℓ, π(n))]r

κ(|X|, |Y (n)|)
+

||Y (n)|−|X||pr

κ(|X|, |Y (n)|)
,

where

d̄
(c)
T (X,Y|ℓ, π) =

{
d
(c)
T (Xℓ,Yπ(ℓ)), |X| ≤ |Y |
d
(c)
T (Xπ(ℓ),Y ℓ), |X| > |Y |

.
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For some L ≥
⌈
|X|, |Y (n)|

⌉
, we define ε : M(T) → BL such

that for a multi-object trajectory X , εℓ(X) = 1 for ℓ ≤ |X|
and εℓ(X) = 0 for ℓ > |X|, εℓ(X) is the ℓth component of
ε(X) and ε(X) is the existence list of X . We also define a
space of permutation Π̃

(n)
L (ε(X)) ⊆ ΠL such that for each

π̃ ∈ Π̃
(n)
L (ε(X))

• εℓ(X) = 1 ⇒ επ̃(ℓ)(Y
(n)) = 1 , if ∥ε(X)∥1 ≤

||ε(Y (n))||1 ; or
• επ̃(ℓ)(Y

(n)) = 1 ⇒ εℓ(X) = 1 , if ∥ε(X)∥1 >

||ε(Y (n))||1 .

We obtain the equivalence

min
π∈

∏
⌈|X|,|Y (n)|⌉

⌊|X|,|Y (n)|⌋∑
ℓ=1

[d̄
(c)
T (X,Y (n)|ℓ, π)]r

= min
π̃∈Π̃

(n)
L (ε(X))

L∑
ℓ=1

[d̃
(c)
T (X,Y (n)|ℓ, π̃)]r, and

||Y (n)|−|X||=
L∑

ℓ=1

εℓ(X)(1−εℓ(Y (n)))+(1−εℓ(X))εℓ(Y
(n)),

where

d̃
(c)
T (X,Y |ℓ, π̃) =

{
d
(c)
T (Xℓ,Yπ̃(ℓ)), ℓ≤ |X|,π̃(ℓ)≤|Y |

0, otherwise
.

Further, if we fix L =
∑N

n=1 |Y
(n)| then Π̃

(n)
L (ε(X)) =

Ω(n)(ε(X)). Recall (ξ(n), χ(n)) = A(Y (n)) and note that
ε(Y (n)) = ξ(n), the original optimization problem becomes

Ŷ = arg min
X∈M(T)

min
ω∈Ω(1:N)(ε(X))

P (r)
ω (X),

where

P (r)
ω (X) =

N∑
n=1

L∑
ℓ=1

[d̃
(c)
T (X,Y (n)|ℓ, ω(n, ·))]r

κ(|X|, |Y (n)|)

+
εℓ(X)(1−ξ(n)ω(n,ℓ))p

r

κ(|X|, |Y (n)|)
+

(1− εℓ(X))ξ
(n)
ω(n,ℓ)p

r

κ(|X|, |Y (n)|)
.

Let Q(r)(η, τ) = minω∈Ω(1:N)(η)Q
(r)
ω (η, τ) and P (r)(X) =

minω∈Ω(1:N)(ε(X)) P
(r)
ω (X). It can be verified that Q(r) ◦

A = P (r), by substituting (η, τ) = A(X) into the ex-
pression of P (r), i.e., ε(X) = η, |X| = ∥η∥1, Xℓ =

τℓ, and d̃
(c)
T (X,Y (n)|ℓ, ω(n, ·)) = d

(c)
T (Xℓ,Y

(n)
ω(n,ℓ)) =

d
(c)
T (τℓ, χ

(n)
ω(n,ℓ)) > 0 only when εℓ(X) = 1 and

εω(n,ℓ)(Y
(n)) = 1. Additionally, if R(η, τ) = R(η′, τ ′), then

∥η∥1 = ∥η′∥1 and {τℓ|ηℓ = 1, ℓ = 1 : L} = {τ ′ℓ|η′ℓ =
1, ℓ = 1 : L}, which implies Q(r)(η, τ) = Q(r)(η′, τ ′). Since
R ◦ A = I, by the virtue of Lemma 1, solving (17) with
the distance form given by (19) amounts to solving (23) and
applying the transformation R to recover the optimal multi-
object trajectory.

H. Proof of Proposition 6

Using the definition of Q(r)
ω (η, τ) in (20),

Q(r)
ω (η, τ∗(η, ω))= min

τ∈TL

L∑
ℓ=1

ηℓϕ
(r)
ω,ℓ(η, τℓ)+(1− ηℓ)ϕ̄

(r)
ω,ℓ(η)

=

L∑
ℓ=1

min
τℓ∈T

ηℓϕ
(r)
ω,ℓ(η, τℓ)+

L∑
ℓ=1

(1−ηℓ)ϕ̄(r)ω,ℓ(η).

For each ℓ, τ∗ℓ (η, ω) = argminτℓ∈T ηℓϕ
(r)
ω,ℓ(η, τℓ). If ηℓ = 0

or ξ(n)ω(n,ℓ) = 0 for all n =1 :N , any value of τ∗ℓ (η, ω) yields
the same cost. Hence, τ∗ℓ (η, ω)=0 is an optimal solution. If
ηℓ = 1, then ηℓϕ

(r)
ω,ℓ(η, τℓ) = ϕ

(r)
ω,ℓ(η, τℓ), and

τ∗ℓ (η, ω) = arg min
τℓ∈T

ϕ
(r)
ω,ℓ(η, τℓ)

= arg min
τℓ∈T

N∑
n=1

ξ
(n)
ω(n,ℓ)

d
(c)
T (τℓ, χ

(n)
ω(n,ℓ))

r

κ(||η||1, ||ξ(n)||1)
.

II. EXTENSIONS ON CONSENSUS VIA GIBBS SAMPLING

This section provides a mathematical proof for the conver-
gence of the Gibbs sampler proposed in Subsection V-B, and
discusses efficient implementation strategies.

A. Convergence Properties

It is not obvious that the Gibbs sampler in Algorithm 7 can
visit all possible states in a finite number of steps. However,
this is demonstrated in the following proposition.
Proposition A1. Starting from any valid
(η1:L, ω

(1:N)) the Gibbs sampler defined by
the conditionals ρℓ(·|ή1:ℓ−1, ηℓ+1:L, ω

(1:N)) and
ρL+n(·|ή1:L, ώ(1:n−1), ω(n+1:N)) converges to the distribution
ρ(η1:L, ω

(1:N)) at an exponential rate.

Proof. We need to show that the chain can move from any
valid state (η1:L, ω

(1:N)) to any other valid state (ή1:L, ώ
(1:N))

in a finite number of steps. Noting that ρ(η1:L, ω(1:N)) is zero
for invalid samples, i.e., when ω(n) /∈ Ω(n)(η1:L) for any n ∈
{1 : N}, and is positive otherwise. Thus, we can transit from
any valid (η1:L, ω

(1:N)) to any other valid (η1:L, ώ
(1:N)) in a

finite number of steps. We also demonstrate that it is possible
to move from η1:L to ή1:L in a finite number of steps. For any
ℓ ∈ {1 : L} and n ∈ {1 : N}, we proceed with the following
cases:

Case 1: Suppose ∥η1:L∥1 =
∥∥ξ(n)∥∥

1
. Changing ηℓ from 0

to 1 (or vice versa) to reach some intermediate state ὴ1:L will
always satisfy ω(n) ∈ Ω(n)(ὴ1:L). This permits a transition
from (η1:L, ω

(1:N)) to the intermediate state (ή1:L, ω
(1:N)) and

then (ή1:L, ώ
(1:N)).

Case 2: Suppose ∥η1:L∥1 <
∥∥ξ(n)∥∥

1
. Changing ηℓ from

1 to 0 to reach an intermediate state ὴ1:L will satisfy
ω(n) ∈ Ω(n)(ὴ1:L), allowing a transition from (η1:L, ω

(1:N))

to (ὴ1:L, ω
(1:N)). If ξ(n)ℓ = 1, changing ηℓ from 0 to 1 to reach

ὴ1:L will also satisfy ω(n) ∈ Ω(n)(ὴ1:L). However, if ξ(n)ℓ = 0,
to change ηℓ from 0 to 1 we first need to change ω(n) to ὼ(n)

as follows. For some ℓ̀ where ηℓ̀ = 0 and ξ(n)
ℓ̀

= 1, we select

some ὼ(n) ∈ Ω(n)(η1:L) such that: ὼ(n)
ℓ = ω

(n)

ℓ̀
; ὼ(n)

ℓ̀
= ω

(n)
ℓ ;
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and ὼ
(n)

ℓ̌
= ω

(n)

ℓ̌
for ℓ̌ ̸= ℓ, ℓ̀. Since ∥η1:L∥1 <

∥∥ξ(n)∥∥
1
,

there always exists a ℓ̀ that satisfies our requirement. Since
ὼ(n) ∈ Ω(n)(ὴ1:L), it allows us to move from (η1:L, ω

(1:N))
to (η1:L, ὼ

(1:N)) to (ή1:L, ὼ
(1:N)) and then (ή1:L, ώ

(1:N)).
Case 3: Suppose ∥η1:L∥1 >

∥∥ξ(n)∥∥
1
. Changing ηℓ from

0 to 1 to reach an intermediate state ὴ1:L will satisfy
ω(n) ∈ Ω(n)(ὴ1:L), allowing a transition from (η1:L, ω

(1:N))

to (ὴ1:L, ω
(1:N)). If ξ(n)ℓ = 0, changing ηℓ from 1 to 0 to reach

ὴ1:L will also satisfy ω(n) ∈ Ω(n)(ὴ1:L). However, if ξ(n)ℓ = 1,
to change ηℓ from 1 to 0 we first need to change ω(n) to ὼ(n)

as follows. For some ℓ̀ where ηℓ̀ = 1 and ξ(n)
ℓ̀

= 0, we select

some ὼ(n) ∈ Ω(n)(η1:L) such that: ὼ(n)
ℓ = ω

(n)

ℓ̀
; ὼ(n)

ℓ̀
= ω

(n)
ℓ ;

and ὼ
(n)

ℓ̌
= ω

(n)

ℓ̌
for ℓ̌ ̸= ℓ, ℓ̀. Since ∥η1:L∥1 >

∥∥ξ(n)∥∥
1
,

there always exists a ℓ̀ that satisfies our requirement. Since
ὼ(n) ∈ Ω(n)(ὴ1:L), it allows us to move from (η1:L, ω

(1:N))
to (η1:L, ὼ

(1:N)) to (ή1:L, ὼ
(1:N)) and then (ή1:L, ώ

(1:N)).
This implies the Markov chain is irreducible and regular,

hence the convergence to the target distribution ρ(η1:L, ω(1:N))
at an exponential rate, following from Lemma 4.3.4 of [81].■

B. Enhancement Strategies

In this section, we introduce two techniques to respectively
improve the convergence rate and the efficiency of the Gibbs
sampler proposed in Subsection V-B.

1) Rearranging Non-Existence Assignment: For an
existence array η1:L and some existence assignments
ω(1:N), ὼ(1:N) ∈ Ω(1:N)(η1:L), if ω(n)

ℓ = ὼ
(n)
ℓ for all ℓ that

ηℓ = 1 then S(r)(η1:L, ω
(1:N)) = S(r)(η1:L, ὼ

(1:N)), i.e.,
ω(1:N) and ὼ(1:N) yield the same cost value if they only
differ at the components where ηℓ = 0 (assignment of the
non-existence elements). If ηℓ = 0 and the pair-wise distances
among χ

(n)

ὼ
(1)
ℓ

, ..., χ(n)

ὼ
(N)
ℓ

are lower than ones among χ
(n)

ω
(1)
ℓ

,

..., χ(n)

ω
(N)
ℓ

, replacing ω(1:N) with ὼ(1:N) could increase the
probability of ηℓ transiting from 0 to 1 because their distances
to the mean would be shorter.

For some η1:L, L̄ =
∑L

ℓ=1(1 − ηℓ), we define the map-
ping Ē : ΠL → FL̄({1 : L}) (where FL̄({1 : L}) is
all finite subsets of {1 : L} with L̄ elements) such that
Ē(ω) = {ωℓ|ηℓ = 0, ℓ = 1 : L}. For some ω ∈ ΠL, we
define the mapping Eω : FL̄({1 : L}) → ΠL such that if
Eω({ω̄1:L̄}) = ὼ then{

ὼℓ = ωℓ, if ηℓ = 1

ὼℓ = ω̄m,m =
∑

i=1:ℓ(1− ηi), if ηℓ = 0
.

We note that if ω̄ ∈ ΠĒ(ω) is a permutation of Ē(ω) and
ω ∈ Ω(n)(η1:L) then Eω(ω̄) ∈ Ω(n)(η1:L). Thus, we can
update ω(n) ∈ Ω(n)(η1:L) to ὼ(n) ∈ Ω(n)(η1:L) using some
ω̄(n) ∈ ΠĒ(ω(n)) such that ώ(n)

ℓ = Eω(n)(ω̄(n)). Noting that
S(r)(η1:L, ω

(1:N)) = S(r)(η1:L, ὼ
(1:N)). To achieve low pair-

wise distances among χ(n)

ὼ
(1)
ℓ

, ..., χ(n)

ὼ
(N)
ℓ

, we sample ω̄(1:N) from
the distribution

ρ̄(ω̄(1:N)) ∝ e−α(R(r)(ω̄(1:N)))
N∏

n=1

1ΠĒ(ω(n))
(ω̄(n)),

where

R(r)(ω̄(1:N))=

L̄∑
ℓ=1

ζ
(r)
ℓ (ω̄(1:N)),

ζ
(r)
ℓ (ω̄(1:N))=

N∑
n=1

N∑
j=1,j ̸=n

ξ
(r)

ω̄
(n)
ℓ

ξ
(j)

ω̄
(j)
ℓ

d
(c)
T (χ

(n)

ω̄
(n)
ℓ

, χ
(j)

ω̄
(j)
ℓ

)r

+ ξ
(n)

ω̄
(n)
ℓ

(1− ξ
(j)

ω̄
(j)
ℓ

)pr + (1− ξ
(n)

ω̄
(n)
ℓ

)ξ
(j)

ω̄
(j)
ℓ

pr,

Sampling from ρ̄ can be done using the Gibbs sampling
technique proposed in Subsection V-B of the main text.

2) Efficient Proposal Distribution: We observe that if the
trajectories in Y (1:N) are assigned to the same trajectory Xℓ in
the mean multi-object trajectory, they are expected to be close
to each other. Otherwise, if Y (n) has no trajectories assigned
to Xℓ, it contributes pr to the cost function. Therefore, we
propose the following proposal conditional ρ̃L+n in place of
ρL+n in Subsection V-B of the main text to sample for the
existence assignment, i.e.,

ρ̃L+n(ω
(n)|ή1:L, ώ(1:n−1), ω(n+1:N)) =

e−α(S̃(r,n)(ή1:L,[ώ(1:n−1),ω(n:N)]))1Ω(n)(η1:L)(ω
(n)),

where

S̃(r,n)(η, ω) =

L∑
ℓ=1

ηℓϕ́
(r,n)
ω,ℓ (η)+(1−ηℓ)ϕ̀(r,n)ω,ℓ ,

ϕ́
(r,n)
ω,ℓ (η) =

N∑
j=1,j ̸=n

ξ
(n)

ω
(n)
ℓ

ξ
(j)

ω
(j)
ℓ

[d
(c)
T (χ

(n)

ω
(n)
ℓ

, χ
(j)

ω
(j)
ℓ

)]r

+ ξ
(n)

ω
(n)
ℓ

(1− ξ
(j)

ω
(j)
ℓ

)pr + (1− ξ
(n)

ω
(n)
ℓ

)ξ
(j)

ω
(j)
ℓ

pr,

ϕ̀
(r,n)
ω,ℓ =

N∑
j=1,j ̸=n

ξ
(j)

ω
(j)
ℓ

pr.

Compared to ρL+n, we do not need to compute the mean
trajectory τ∗ℓ when computing ρ̃L+n. Thus, the complexity of
Algorithm 7 reduces to O(GmL

2Z).


